INTRODUCTION
This paper deals with global existence problems for harmonic maps tween manif olds with metrics of (p, q)-signature.
Classification A.M.S. : 58 E 20, 35 L 15, 58 F 99.
---£ -1 t~-~~ ~~~~-~ ---' ~~2014~2014h ave been studied since 1964 [ES] and global results of great interest in geometry and physics have been obtained by using many different methods (see [ELI] , [EL2] ). This paper deals with the equivariant method: roughly speaking, this method consists in exploiting the symmetries of certain maps in order to reduce the existence problem to the qualitative study of an ordinary differential equation.
We call a manifold endowed with a metric of signature of type (p, q) a (p, q)-manifold.
The class of (p, o)-manifolds coincides with the class of riemannian manifolds; (p, I)-manifolds are called lorentzian manifolds. Because of their significance in mathematical physics, harmonic maps between (p, q)-manifolds are certainly a developping subject. However, at the present time, only a few global existence results have been obtained (see [CB] , [G 1], [G2] , [GV] , [HL] ): this lack of general global existence results constitutes one of the main motivations for introducing the equivariant method in this context. The paper is organized as follows: in section 1 we describe a general theoretical setting for equivariant theory on (p, q)-manif olds and establish a Reduction theorem.
In section 2 we describe many examples of equivariant maps: in particular, we produce two examples where the domain is the Robertson-Walker space-time.
In section 3 we prove a global existence theorem for the Cauchy problem for harmonic maps from Lorentzian into riemannian manifolds: this special case is particularly significant in mathematical physics (see [CB] , [G2] (2.61 Then ~'' + S + 1 minus the loci y=0, y = x/2 is isometric tõ~-
The hyperbolic space Hr+ 1 can be characterized in the following manner: By using ( 2.10), ( 2.11 ) with r = 2, we define
Let Ir + 1 be the hyperboloid Figure 1 , he finds that now the force F2 is oriented in the direction of the x-axis: this fact, according to the Remark at the end of section 3, suggests that there may be solutions which blow up at finite time.
' 517 (2.30) : simple inspection shows that under this assumption the function a (t) = t is a globally defined solution of (2.30) which solves the Cauchy problem~ ln~ -n ~~ rn~ -~ i . ,-v.
iA Ai Our assertion follows if we produce a supersolution F ( t) of (2.30) in the following sense: we require that F (t) satisfy N IV B n .
In fact, if both (4.6) and (4.7) hold, the comparison method of J shows that the solution ex (t) of (2.30) determined by (4.5) satisfies a (t) >_ F (t) T); thus the blowing up of F (t) at T forces a (t) to blow up as well at some point T E (t, T].
In order to produce a function F (t) which satisfies (4.6) and (4.7) we consider the following function Figure 2 .
It is obvious that, if a i is sufficiently large, then the solution of the Cauchy problem (5.5), (5.6), which we denote reaches x/2 in finite time.
On the other hand, the fact that lim G(t)=0, together with the presence of the damping force, tell us that it makes sense to look for strictly increasing solutions f3 (t) with image contained in ( -~/2, x/2). It is worth noticing that the system in Figure 2 is qualitatively much different from the system arising from the study of harmonic maps between spheres. In fact, in that context, the damping force D (t) is negative for t large, and thus it increases the speed of motion; but the gravity force We define a set j3 + (0) [S2] .
Step 2 is more delicate: it can be proved by producing an explicit subsolution F (t) in the sense of (4.6) and (4. 7) with ao = 0, F=0, T = +00
and lim F (t) = x/2 in (4.6); and replaced by > in (4. 7) (see [PR] ).
t-++oo
Step 3 follows from a direct inspection of equation (5.5) together with a comparison argument as in [R1] . Vol. 6, n° 6-1989. 522 A. RAHU discussion is omitted.
Example (b). -f :
S3.
This example and its companion example (e) are important because they describe harmonic evolutions of a space time into a 3-dimensional space form.
Global existence of solutions of the Cauchy problem was obtained in section 3: here we will prove a stability result.
It is convenient to make the substitution t = e", u E R, in the harmonicity equation (2.21).
We call @ (u) = a (e"): Figure 3 below by thinking of a particle moving about the position @ = 0 under the influence of a gravity force G (t) directed as in the figure.
To simplify the notations, we will write 03B2(u) instead of 131 (u); also we assume both ao and (Xi positive: the other cases are similar.
It is obvious that, if the initial velocity (Xi is small, then 13 (u) increases only until the time u reaches a certain value UI, for which we have P (u 1 ) = o. Moreover, it is clear that if ~ > 0 is chosen sufficiently small, then ao, E force 8.
In order to end the proposition, it is sufficient to show that the amplitude of the oscillations around 0 decreases.
After the time 1~1 the function 13 (u) obviously decreases; suppose that 13 (u) keep on decreasing until, at a certain time u2, it reaches the positioñ (u2) _ -~ (ul): we show that this is not acceptable. 
